ON A CLASS OF NONLINEAR SECOND-ORDER
DIFFERENTIAL EQUATIONS()

BY
ZEEV NEHARI

1. In this paper we shall be concerned with differential equations of the
form

(1) y” + yF(yzy x) =0,

where the function F(¢, x) is subject to the following conditions:

(2a) F(¢, x) is continuous in both ¢ and x for 0=t< » and 0<x < »;

(2b) F(¢, x)>0 for t>0, x>0;

(2¢) treF(ts, x)>trF (4, x) for 054 <t < o, fixed positive x, and some
positive number e.

Because of (2b) we have yy’’ <0 for y#0, i.e., all solution curves of (1)
are concave toward the horizontal axis. Accordingly in an interval in which
9(x) does not change its sign, the curve y =y(x) must lie between the x-axis
and the tangent to the curve at any point of the interval, and it follows that
a solution y(x) of (1) for which y(a) and y’(a) are finite for some positive a,
will be continuous throughout (0, «).

We remark that much of what follows will remain true if we set €=0 in
(2c¢), although in some cases it may then be necessary to add the condition
F(0, x)=0. It may also be noted that condition (2c) prevents the linear
equation y"'+p(x)y =0 (p(x) >0) from being included in (1). The use of this
condition will thus tend to emphasize those aspects of equation (1) which
are not shared by the linear equation.

A special case of equation (1) which exhibits many of the features en-
countered in the general case is that of the equation

3) ¥+ p(x)y*+t = 0, p(x) > 0,

where p(x) is continuous in (0, ©) and # is a positive integer [1;4]. As shown
in [4], the study of this equation may be based on the consideration of the
homogeneous functional

) J(y) = ( f b y/de)nﬂ / f bpy2"+2dx

and its extremal values under appropriate admissibility conditions for the
functions y(x). In the case of the general equation (1), no corresponding single
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functional exists and this causes certain additional complications in the varia-
tional treatment of the equation.

Our main topic will be the problem of oscillation or nonoscillation of the
solutions of (1). We shall call a solution y(x) of (1) nonoscillatory if there
exists a positive number x, such that y(x) #0 for x> x,. If this condition does
not hold, i.e., if y(x) has an infinity of zeros in (0, «), y(x) will be called
oscillatory. An equation will be termed nonoscillatory if all of its solutions are
nonoscillatory. It should be noted, however, that the nonoscillation of equa-
tion (1) is not quite the same thing as the nonoscillation of a linear equation.
As shown in [4] in the case of equation (3), there always exist solutions which
have any desired number of zeros in any given interval, even if the equation
is nonoscillatory.

2. A more penetrating study of equation (1) shows that the definition of
nonoscillation just given is, for many purposes, not precise enough. A distinc-
tion must be made between solutions which never vanish in the entire interval
of continuity of the equation, and nonoscillatory solutions which vanish there
at least once. In the case of a linear equation this distinction is not necessary
since, in view of the Sturm separation theorem, the existence of a solution
of the first type implies the existence of an infinity of solutions of the second.
This, however, is not necessarily true for a general equation (1). Here it
may happen that the equation has solutions which never vanish in the inter-
val of continuity, while every solution which vanishes once also vanishes an
infinity of times. As an example for this type of behavior we consider the
equation

(5) vy’ + x~yF(x7y?) = 0.
Its general solution is
y(x) = x%u(log x),

where u(t) is the general solution of
1
(5 W — 7 u + uF(u?) = 0.

In accordance with conditions (2), F({) increases from 0 to « as { varies over
the same interval. Hence, there exists a positive number ¢ such that F(c?)
=1/4. The function u(¢) =c is evidently a solution of (5’) and it follows that
(5) has the nonoscillatory solution y(x) =cx'/? (the equation has, in fact, an
infinity of different nonoscillatory solutions, as can be shown either directly
or as a consequence of Theorem I).

On the other hand, if G'(¢) = F(¢), G(0) =0, and %(¢) is a solution of (5')
for which u(a) =0, we conclude from (5’) that

") 4t — % u? + G(u?) = *(a).
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We assume that t=a is the largest zero of () and that #(a) >0. We dis-
tinguish two cases, according as #(¢) is ultimately larger than ¢, or 0 <u(t) =c¢
in (@, «). In the first case we observe that the function G(¢) — /4 is convex
and increasing for {>¢2 On the other hand, (5'") shows that G(u?) —u?/4 is
bounded from above, and a contradiction can be avoided only if %(f) has a
finite limit M as t— . By (5’), this implies the existence of lim ii(¢) for
t— o and, because of the boundedness of «(¢), this limit must be zero. Hence,
F(M?) =1/4,i.e., M =c, which is absurd. If we assume 0 <«(¢) ¢ throughout
(e, =), the same argument shows that again u(¢)—c for t— . It then fol-
lows from (5"") that G(c¢?) —c?/4=4%(a). But this is again absurd since, for
CE(0, ¢), the function G({)—¢/4 is decreasing and this shows that G(c?)
—¢?/4<0. It has thus been established that every solution of (5) which
vanishes once in (0, «) vanishes an infinity of times in this interval.

3. When it will be necessary to distinguish between the two types of
nonoscillatory solutions described above—those which do not change sign
in the entire interval of continuity, and those which change their sign at least
once—we shall call the solutions of the second type properly nonoscillatory.
As the preceding example shows, an equation of type (1) may have non-
oscillatory solutions without having any which are properly nonoscillatory.
If these two classes of solutions are not kept apart, it is not difficult to derive
a necessary and sufficient criterion for the existence of nonoscillatory solu-
tions. It was shown by Atkinson [1] that equation (3) has nonoscillatory
solutions if, and only if,

(6) f wxp(x)dx < o

(for an extension of this result to a somewhat more general class of equations

cf. [2]). The following result generalizes Atkinson’s theorem to the general
equation (1).

TrEOREM 1. Equation (1) has bounded nonoscillatory solutions if, and only

1:f’
) f " 2F(c, H)dx <

for some positive constant c.

If g(x, t) =t—a for t&(a, x) and g(x, t)=x—a for t2x, (1) may be re-
placed by the integral equation

b
®) 3(x) = y(a) + f ¢, Dy(OF (A, Ddt + (= — a)y'(B),

where 0 <a<x<b< . We assume that y(x) is a bounded nonoscillatory
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solution of (1) (for trivial reasons y(x) may be supposed to be ultimately
positive) and that a is large enough so that y(x) >0 for x =a. Since y(x) is
increasing for x >a, it follows from (8) that

M2zym)zata f - QF(@, 1), « = y(a).

Since x may be taken arbitrarily large, this shows that condition (7) is neces-
sary (and also that ¢ may be any positive number smaller than lim,.. y(x)).

To prove sufficiency, we assume that (7) holds for ¢= M? and that a is
taken large enough so that

jju—@anmgéu
If 4 is a positive number such that 4 £ M/2, we will then have
9 A+ Mfw(t — a)F(M? f)dt £ M.
We now consider the sequence of functions y,(x) given by y,(x) =4,

(10) yois@) = 4+ [ To, D OFGL i (@< x < ),

and we observe that 4 <v,(x) = M for all #n. The lower bound is evident, and
the upper bound follows from (9), (10), and complete induction. Indeed, if
y.(x) £ M we have

mH§A+Mfa—@nwwagm

and yo(x)=A <M.
Since |g(x2, t) —g(x1, t)l = lxg—xll , (10) shows that

| Yos1(x2) — Yar(2) | € M| 22 — ] f F(M?, t)dt.

By (7), the integral exists, and we thus find that the sequence of functions
{y.(x)} is equicontinuous in any interval [a, b], where b may be taken arbi-
trarily large. It is moreover true that, for fixed x, the sequence {v.(x)} is
increasing. By (10), we have

Yar1(x) — ynu(x) = f °°g(x, O [9aF (9my 1) = YasF(yn-s, D]d1.

If y.(x)=v,.(x) throughout (@, =), it therefore follows from (2c) that
Yns1(x) >y.(x) in the same interval. Since y1(x) > yo(x) =A4, Ynr1(x) > ya(x) for
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all n. It may, incidentally, be remarked that the choice y¢(x) = M for the first
function would have resulted in a monotonically decreasing sequence.

It follows from all this that y(x)=Ilim,., y.(x) exists and is continuous
in any interval [a, b]. If we write (10) in the form

b
yoa@) = [ g(a, 03.0F G, 0t + RO)
and observe that, in view of (7), the bound
M f (t — Q)F(M?, i)dt
b

for R(b) can be made arbitrarily small by taking b sufficiently large, we arrive
at

b
Yor(®) — A — f o(x, ).F (s, t)dt| <.

where e—0 for 5>— « and e is independent of . Passing to the limit, we obtain

b
y(x) — 4 — f g(x, )yF(y?, f)dt

=
which shows that y(x) satisfies the identity

y(x) = 4+ f °°g(x, HyF(y*, Hdt
for all x in [a, «). Since

3(x) — y(xo) = f " — 2)yF(?, )t + (= — x0) f “yE G, b,

¥(x) is differentiable, and y'(x) = [ yF(y?, t)dt. In view of
Y@ = ¥ = = [ R oa,
EZ)

¥(x) also has a second derivative, and we have proved that y(x) is a solution
of (1). This establishes the sufficiency of condition (7). It may be noted that
our argument proves the existence of an infinity of different nonoscillatory
solutions of (1) since 4 could be any number such that 0 <4 < M/2 (a slight
modification of the argument shows that 4 may be any number such that
0<4 < M).

4. As the example of equation (5) shows, the condition (7) is not sufficient
to guarantee the existence of a properly nonoscillatory solution. Before taking
up the discussion of either necessary or sufficient conditions for the existence
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of such solutions which are “sharp” in some sense, we consider a condition
which not only ensures the existence of solutions of this type but also gives
a complete description of their asymptotic behavior.

TrEOREM II. If
(11) f 1F(ct?, )t <

for some positive c, equation (1) has properly nonoscillatory solutions. If (11)
holds for all positive ¢, all nonoscillatory solutions of (1) are either bounded or
~Bx (B=const.) for large x.

Before proving this result we remark that condition (11) is necessary for
the existence of a solution of the second type, since it follows from y(x)
=ax (@>0) that

Y = 9@ + [ 3F0n 0t 2« [ B, i
£ zo
for all x larger than x,. If F(7, x) is such that (11) holds for all positive con-
stants ¢ provided it is true for some particular ¢, (11) may therefore be re-
placed by the assumption that there exists a solution which is ~fx. An exam-
ple of such a function F(y, x) is

Flnx) = 3 pu(@, (@) 2 0,

=1
which, in view of F(cn, x) Sc™F(y, x) (¢>1), has the required property. For
such functions F(%, x), Theorem II has the following corollary.
COROLLARY. If, for ¢>1,
F(en, t) = AF(n, 1),

where A is independent of 7 and t, and if equation (1) has a solution which is
~Bx for large x, then all nonoscillatory solutions of (1) are either bounded or
such that x~'y(x) has a finite nonzero limit as x— .

We now turn to the proof of Theorem II. Because of (11) we can choose a
value a such that

(12) f tF(ct?, t)dt < 1.

We denote by y(x) the solution of (1) determined by y(a)=0, 0<y'(a)
=a=¢'? and we assume that y(x) vanishes at some point in (a, «). In this
case there exists a point x=>5b in (g, «) such that () =0 and y(x) >0 in
(a, b]. By (1), we have
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b
s0) = [ = ay0rK, o
Since 0 <y(t) £y(b) and y(t) £3'(a)(t—a) Sc'/*(t—a) in (a, b], it follows that
1= fb(t — a)F[c(t — a)2, t]dt,

and this contradicts (12). This shows that y’(x) must remain positive through-
out (e, »), and thus proves the first half of Theorem II.

To prove the other half, we replace (1) by the equivalent integral equa-
tion

(13) y(x) = y(a) +f z(i — a)y(\OF(y*, Ndt + (x — a)y'(x).

If y(x) is a nonoscillatory solution, we choose @ large enough so that y(x) >0
for x>a. Since y"'(x) <0 for x =a, there exists a constant « such that y(x)
<ax in (e, ). By (11), ¢ may be taken large enough so that

® €
14) f tF (a2, t)dt < Py
where € is arbitrarily small. Since

z z 1 -
f (t — )YOF (&, it < y(x) f (et 0t S - o),

it follows from (13) that

L0 1 w6
T oy(x) 2 y(x)

If y(x) is not bounded in (e, «), the first term on the right-hand side can be
made smaller than ¢/2 by choosing sufficiently large values of x. For such
values we thus have lim inf xy’y~1=1 — € for x— . Since, on the other hand,
(xy' —9) =xy"" <0, we have xy' —y<const., i.e. lim sup xy’y~1=<1. Hence,
lim xy’y~! exists and is equal to 1.

To show that this is equivalent to y(x)~Bx, we take b large enough so
that xy' Zy(1—¢) in (b, ©). We then have

1= 9ly®) —y@] = (1 -9 f “VEG 0dt S 5 (8) f Rttt

<<y
—1 2 y )

the last inequality following from (14). Hence,
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(1= 9y 2 (1 -2 )y o)

for all x larger than b. This shows that y’(x) has a positive lower bound as
x— o, But »’(x) is monotonically decreasing as x increases, and it follows
that 9'(x) tends to a positive limit as x— . Since xy’(x)[y(x)]-1—1 for
x— o, this completes the proof of Theorem II.

5. Theorem II does not assert that, under the given hypotheses, all
solutions of (1) are nonoscillatory and, indeed, it is doubtful whether this is
true if F(y, x) is only subject to the conditions (2). As the next result shows,
oscillatory solutions can be excluded by an additional monotonicity assump-
tion.

TuroreM II1. If (11) kolds for all positive values of ¢ and if, in addition to
(2), F(n, x) satisfies the condition

(15) F(q, x2) = F(y, x1) for0 < x <2<
and all positive 5, all solutions of (1) are nonoscillatory.

In the case of equation (3), this result was proved by Atkinson [1]. To
obtain the general result, we need the following lemma.

LEMMA. Let y(x) be a solution of (1), where F(y, x) is subject to conditions
(2) and (15). If G(y, x) = [3F(t, x)dt, the expression

(16) (%) + Gly*(#), 2]
is a nonincreasing function of x.

Since F(#, t) increases with 5 (for fixed x), G(, x) is a convex function of
7 and we have G({, x) =G (y, x) +({ —n)F(y, x) for arbitrary positive values
of ¢ and %. Using this, and the fact that G(y, x) also has the monotonicity
property (15), we obtain

Gly*(a), a] — G[y*(d), b]
z Gly*(0), a] + [y*(@) — »*(®)]F[y*(®), a] — G[y*(2), 8]
2 [y*(a) - y®IF[*®), dl,
provided 0<e<b< . If a=xo<x:1< - - - <x, =D, it thus follows that
G[y*(0), 8] — Gly*(a), 0] = i [y2(x41) — 2 (@)]F[y*(2r0), 2]

v=1

=2 3 y(xX)y (@) Fly2(x41), 2] (@1 — 1),

v=1

where x, £x*<x,,,. Passing to the limit, we obtain
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IA

b
Gly*3), 5] — Gy*(a), a] < 2 f Yy F(y%, 2)dx

b
-2 f yy'dz = y(a) — y'*(b),

and this proves the lemma.

To prove Theorem III, we assume that y(x) is an oscillatory solution of
(1) and that x=a, (0<a1<a;< - - - ) is a sequence of its zeros. In view of
G(0, x) =0, the lemma shows that y'%(a,11) £¥'*(a,) £¥'%(a1) =2 The integral
(11) converges for all positive ¢ and we may therefore find a finite number 8
such that

f tF(a, )di < 1.
s

But, as shown in the proof of Theorem II, this implies that a solution y(x)
such that y(8) =0, [y'(8)]?<a? cannot vanish in (8, ). The number 8 may
be identified with a sufficiently large zero of y(x), and our argument is thus
seen to lead to a conclusion which is incompatible with the assumption that
¥(x) is oscillatory. This proves Theorem III.

An example of a class of equations satisfying the hypotheses of Theorem
III is

Yy’ + a~rryF(a~2y?) = 0 >0,

where F(0) =0 and F is a nondecreasing function of its argument. A particu-
larly instructive case is obtained for v=2. Here the general solution is of
the form

17 y(x) = zu(a™t — 277, a>0,
where % (¢) is any solution of
i+ uF(u?) =0

for which #(0) =0. It is easy to see that all solutions of the latter equation
are periodic and that the distance between consecutive zeros decreases as
#(0) increases. If a=! does not coincide with a zero of u(f), (17) shows that
y(x)~u(a=t)x for large x. If u(a=*) =0, it follows from (17) that y(x)—si(a=?)
as x— . Both types of solutions permitted by Theorem II are thus repre-
sented. For any given positive a, there exists a discrete infinity of bounded
solutions which vanish at a; these solutions are uniquely determined by the
number of zeros they have in (a, »).

6. The results obtained so far show that a rather complete description of
the oscillatory behavior of an equation of type (1) is available (a) if condition
(11) holds, and (b) if condition (7) does not hold. The oscillation problem,
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properly so called, of equation (1) refers to the question as to the oscillatory
behavior of the equation if (7) holds, but (11) does not. It may be pointed
out that this problem is not a mere extension of the oscillation problem for
the linear equation ¥/ +p(x)y =0 (p(x) >0). In the case of the latter equation,
conditions (7) and (11) coincide and there thus exists no analogue to the type
of difficulty met in the case of the general equation (1).

Another feature which is absent from the linear case is the fact that, for
any two numbers a, b such that 0 <ea <b < 0, (1) always has solutions which
vanish at x=a, x="5 and are #0 in (e, b). The existence of such solutions
will be obtained as a by-product of the variational treatment of (1) to be
given presently, but it may also be established by an elementary continuity
argument. We remark that we shall concentrate on the boundary conditions
y(a) =3'(b) =0 rather than y(a) =y(b) =0, since these solutions are of greater
relevance for the oscillation problem. The corresponding results for the condi-
tion y(a) =y(b) =0 may be obtained by a trivial modification of the argument.

The variational problem most suitable for a more penetrating study of
the oscillation properties of (1) is

b
(18) Iy = f [y* = GO, ©)ldx = min = \(a, b),

where y(x) is subject to the admissibility conditions
(19) y(@) =0, () #0, () € D'in[q, ],

and the normalization condition
b b
(20) f y'¥dx = f y2F (y?, x)dx.
The function G appearing in (18) is defined, as before, by
n
(21) G, x) = f F(, x)d1.
0

We also remark that, in view of (2b) and (2c), any function y(x) satisfying
(19) can be multiplied by a positive constant « such that ay(x) satisfies both
(19) and (20).

We first show that our variational problem has a solution. By (2c¢) and
(21), we have

Gln, %) = f [ eF G, )]t < P, ) fo e,

he Glny %) < (1 + O~'F(, ).

Hence,
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7F(n, ) — G(n, 2) 2 (1 + &~ '9F(y, x)
and thus, by (18) and (20),

b
(22) T(3) 2 (1 + o f §dx.

It may be noted in passing that the proof of (22) is the only occasion at which
the existence of a positive € in condition (2c) is required. All results which
do not depend on (22) remain true if (2c) is only assumed to hold for ¢=0.

It follows from (22) that for a sequence of functions y(x) for which J(y)
tends to its greatest lower bound A(a, b), we have

b
f yide < M < o,

where M is a suitable constant. Since, moreover, y(e¢) =0, the sequence is
equicontinuous and we may conclude that, for a subsequence y,(x), we have
J(¥.)—\(a, b) and y.(x)—ye(x) uniformly in [a, b]. In order to prove that
this continuous function ye(x) indeed solves our problem it remains to be
shown that yo(x) ED! in [a, b] and that [Jy'2 converges to [2y'zdx.

If y(x) is any of the functions of the minimal sequence {y,(x)}, we define
an associated function u(x) by

(23) u'(x) = — ay(@)F(y*, 2), u(e) = w'(0) =0,

where the positive number a is determined by the normalization condition
(20), i.e.,

b b
(24) f w'idx = f u?F(u?, x)dx.

As pointed out above, such a number o always exists. By (20), (23), and (24),
we have

b 2 b 2 b 2
a2<f y2F(y2, x)dx> = (f yu"dx) = <f yluldx>
b b b b
< u'dx f y'dx = f uF(u?, x)dx f y2:F(y?, x)dx,
1.e.,
b b
(25) a? f y2F(y?, x)dx < f w?F(u?, x)dx.

On the other hand, again by (23) and (24),
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( f G, x)dx>2 - ( f udx) - ( f uudx)

b 2 b b
= a2<f uyF (y?, x)dx) = azf u*F(y?, x)dxf y2F(y?, x)dx.

In view of (25), this leads to
b b
(26) f u?F (u?, x)dx §f uF (y?%, x)dx.

By (2c), F(y, x) is an increasing function of n, and it follows that the func-
tion G(n, x) defined in (21) is convex in 5. Hence,

f G, x)dx 2 f Gy, i+ f 4 — y)FGR,

and, if this is combined with (26),

b b
[ erae 2 — 66 s s [ [P0 5 - 668 e

If we utilize (20), (24), and (18), we finally obtain
(27) J(u) = J(y).

This shows that the original minimal sequence {y,(x)} may be replaced by
a minimal sequence {u,.(x) }, where each u(x) is obtained from the correspond-
ing y(x) by means of (23) and (24). Since y.(x) was shown to tend to a con-
tinuous limit function, this implies that the same is true of the sequence
{u!" (x)}. Hence u. (x) = — fou,!" dx and u,(x) = [zu,! dx likewise tend to con-
tinuous limits, and it follows that u,(x)—uo(x), where uo(x) & C?[a, b], and
J(u,)—J(uo) =N(a, b). The function ue(x) is thus shown to be the solution
of our minimum problem.

We note that ue(x) cannot be identically zero. Indeed, if 8= [ju'?dx and

u(x) #£0, we have
u*(x) = ( f bu’dx)z < B(x — a),

whence, in view of (24) and the fact that 3>0,
b
1< f (x — O)F[8(x — a), x]dx,

and this makes it evident that 8 has a positive lower limit 8. Hence, foug’dx
=, and, therefore, uo(x) 0. Furthermore, #,(x) must be—if normalized by
the condition #’(a) =0—a positive, increasing and concave function of x in
(a, b]. To see this, we note that (18), (19), and (20) remain unchanged if y(x)
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is replaced by ] y(x)l , and that it is therefore sufficient to consider functions
y(x) which are non-negative in [a, b]. In view of (23), we then have u'’(x)
<0, u'(x) =afsyF(y?, x)dx>0, u(x) =af?'(x)dx>0, and the assertion fol-
lows.

In view of the circumstances under which the Schwarz inequality was
used in the proof of (27), the sign of equality in (27) is possible only if y(x)
and #(x) coincide. (23) shows that, in this case, ¥(x) must be a solution of

u' + auF(u?, x) = 0.

Because of u(a) =#'(b) =0, it follows that

b b
f wdx = a f uF(u?, x)dx,

and a comparison with (24) shows that we must have a=1. Equality in (27)
is therefore possible only if y(x) is a solution of (1) for which y(a) =4'(b) =0.
If the transformation (23) is applied to y(x) =u(x), it follows from the
minimum property of %o(x) that in this case we necessarily have equality in
(27). In view of the foregoing, this proves that u,(x) is a solution of (1). For
convenient reference, we state the results of this section as a theorem.

THEOREM IV. The variational problem (18) with the side conditions (19)
and (20) is solved by a solution y(x) of (1) for which y(a) =y'(b) =0 and y(x) >0
in (a, b].

The treatment of the oscillation problem of equation (1) would be very
much easier if it could be shown that these properties determine the solution
¥(x) of (1) uniquely. Whether or not we have uniqueness of this kind remains
an open question, although certain doubts may be aroused by an example
exhibited in [4] of three distinct solutions of y”+4p(x)y*=0 all of which
vanish at x=a and x =25, and are positive in (a, b). There are, however, cer-
tain indications that such an event is less likely to happen in the case of the
boundary conditions y(a) =%'(b) =0, and that certain comparatively mild
restrictions—such as, possibly, (15)—would prevent it in either case.

It may be noted that the assumption y(x) 0 in (19) is necessary in order
to obtain the solution of the variational problem described in Theorem IV.
If this assumption is dropped, the problem has the trivial solution y(x)=0.

7. The usefulness of Theorem IV for the treatment of the oscillation prob-

lem of (1) is due to the following monotonicity property of the minimum value
of J(y).

THEOREM V. If 0<a’<a<b<b’' < = and N(a, b) denotes the function de-
fined in (18), then

(28) Ma’, 8') < Na, b),

unless ¢’ =a and b’ =b.
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If 5=10’, (28) is obvious since the function y(x) which solves the varia-
tional problem (18) for the interval [a, b] is also an admissible function in
the corresponding problem for the interval [a/, b] if we define y(x)=0 in
[a’, a]. It is thus sufficient to prove (28) under the assumption a’ =a.

If y(x) is the function described in Theorem IV, we define a function y,(x)
as follows: 3, (x) =y(x) in [a, b]; m(x)=y(b) in [, b’]. As pointed out above
in a similar situation, there exists a positive constant v such that

b 2 b 2 2
f yi da = f y1F (vy1, x)dx.

The function y*(x) =v1/2y;(x) will then be normalized as in (20), and it fol-
lows from Theorem IV that

(29) Aa, b)) < Tuy(y%).
On the other hand,

b/
Tu(y*) [y*2 — G(y*, x)]dx

a

b b’
= 5 f vz — [ Go*, 2)dx

b
< f ’2dx—-f G(y*?, x)dx
fy'ﬁdx—f G(yy?, x)dx.

Since G(t, x) is a convex function of ¢ and G(¢, x) = F(¢, x), we have

b b b
(30) f G(vy?, x)dx = f Gy, x)dx + (v — l)f y2F (y?, x)dx,
whence

b b b
Jo(y*) <v f y'%dx — f Giy* x)de + (1 — ) f y*F(y?, %)dx.
Because of (20), this is equivalent to
b

Jb’(y*) <f [ylz - G(y2: x)]dx = Jb(y) = )\(d, b)'

In view of (29), this completes the proof of Theorem V.

An application of inequality (22) to the function y(x) of Theorem IV
shows that Theorem V has the following corollary.
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COROLLARY. If 0<a<ao<bo<b< = and y(x) denotes the solution of (1)
whose existence is established by Theorem 1V, then

b
@1) f 5 < M = M(ao, by),

where M is independent of a and b.

An argument similar to that used in the proof of Theorem V establishes
the following comparison theorem.

TueoOREM VI. If
(32) F(t, ) = F1(t, ®)

for all positive t and x, and if N(a, b) and N\i(a, b) are defined by (18) for the
equations

w' 4+ uF(u? x) =0
and »
(33) v 4+ vF (v, %) =0

respectively, then

A, b) = N (a, B).
If v is defined by

b b
f w'dx = f u?F1(yu?, x)dzx,

the function w(x)=+'?u(x) has the normalization (20) (with respect to
equation (33)), and we must have

b
Mi(a, b) < f [2'2 — Gi(w?, x)]dx.
(21) and (32) show that G(w?, x) <Gi(w?, x). In view of (30), we thus obtain

b b
e, b) < 'yf w'?dx —f G(yu?, x)dx
b b b
=< 'yf w'dx —f G(u?, x)dx — (y — l)f u?F(u?, x)dx

= fb[u'2 — G(u?, z)]dx
= e, b).
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8. According to Theorem V, lims., N(a, b) =\(a) exists, and is either
positive or zero. Theorem V also shows that A(a) is a nondecreasing function
of a. We shall call A(a) the characteristic number of equation (1) for the point
x=a. The following result points up the connection between A(¢) and the
oscillatory behavior of equation (1).

TueoreM VII. If the solution y(x) of (1) determined by y(a)=7y'(b) =0,
y(x) >0 (xE(a, b)) is unique, and if equation (1) has a properly nonoscillatory
solution y(x) whose last zero is at x =a, then the characteristic number \(a) must
be positive.

If y(x, @) is the solution of (1) defined by y(a) =0, y’(a) =a>0, it follows
from the existence theorem that the location of the first zero of y'(x, @) in
(a, ) varies continuously with a. By Theorem IV this zero, say x =5, will
take all values in (@, «) if @ goes through the positive numbers. By assump-
tion the correspondence between a and b is one-to-one. Since y¢ (x) >0 in
(a, «) it follows that the values of a to which there correspond values of b
are either all larger or all smaller than y¢ (a). To exclude the second alterna-
tive, we show that a becomes arbitrarily large if b approaches a. By (1), we
have

b

y'(a) = f yF(y?, x)dx.
Since y(x) <9y'(a)(x —a) =a(x —a) in (a, b), it follows that

b

1< f (x — Q)F(a(x — a)?, ¥)dx,
and this makes it evident that a cannot remain bounded if b tends to a. We
may thus conclude that a=y{ (a).
Suppose now that A(a) =0. In view of the definition of A(a), this implies

that the functional (18) can be made arbitrarily small by taking b large
enough. Because of (22) we can, moreover, choose b sufficiently large so that

Joy'%dx < 8% where § is a given small number and y'(b) =0. For this function
y(x) we have

y2(x) £ (x — a)fby’zdx =< 8%(x — a)
for xE(a, b). If cis a fixed number in (a, b), it then follows from
y'(a) = y'(0) + f cyF(yz, x)dx
and y'(c)(c—a) <y(c) <b(c—a)'/? that

a=19(a) <d(c—a)yt24 6f c(ac — a)?F(8%(x — a), x)dx.
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This shows that, under the assumption A(a) =0, we have a—0 for b— . But
this contradicts the inequality a=yd (@), and the proof of Theorem VII fol-
lows.

It will become apparent in the sequel that, although the condition A(a) >0
is not equivalent to the existence of a properly nonoscillatory solution of (1)
whose last zero is located at x =a, the two conditions—i.e. A(a) >0 and the
existence of such a solution—are not very far removed from each other. Theo-
rem VII shows that, under the uniqueness assumption made, A(a) >0 is the
weaker condition. This is also illustrated by equation (5) which was shown
to have no properly nonoscillatory solutions, but for which, according to
Theorem VIII, A(a) >0 for all positive a. On the other hand, condition (40)
which will be shown to be sufficient to produce properly nonoscillatory solu-
tions of (1) is not very much stronger than condition (37) which is equivalent
to A(a) >0.

As a first step towards the proof of Theorem VIII we derive the following
lemma.

LEMMA. If N(a) =A>0, y(a) =0, y(x) ED! in [a, ©), and

B = f y'*dx

(349) fwy’F(B“)\yz, x)dx < B.

exists, then

Proof. Let &(a, ©) and let o be determined by

b b
(35) f y'dx = f y?F(ay?, x)dx.

The function u(x) =a!/?y(x) will then have the normalization (20), and it
follows from Theorems IV and V that

b b b
A= xa) S Na,b) £ f [w'? — G(u?, x)]dx §f w'idx = af Yz £ af.

Using this inequality to estimate « in (35), we arrive at (34).

Any function y(x) which satisfies the hypotheses of the Lemma will thus
give rise to a condition which must hold if A(¢) >0. As an example for the type
of criterion obtainable in this way we set y(x) = (x—a)(c—a)~! in [a, ¢] and
y(x)=(x—a)"’*(c—a)™'? in [c, ©), where 0=r<1 and a<c< ». An ele-
mentary computation shows that this choice of y(x) leads to the following
result.

IfN=N\a)>0,a<c<»,and 0=5v<1, then
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(36) fw(x — a)’F[My(x — o), xldx < 4,

where y=4(1—»)(c—a)'™(2—v»)"2

It may be noted that the integral on the left-hand side of (36) will not
necessarily exist, for any positive v, if »=1. This is shown by equation (5)
for which, as already mentioned, A(a) >0. By a proper utilization of (34) it is,
however, possible to derive a stronger necessary condition which, as the
following theorem shows, is also sufficient.

TuEOREM VIII. In order that, for some positive a, X(a) >0, it is necessary
and sufficient that there exist two positive constants m and M so that

37) " f " Pmt, 0dt < M

for sufficiently large x.

In the case of the necessary condition, suitable values for m and M are
given in the following statement.
IfA=N(a) >0, a<x, and 0<u<1, then

(38) (=) [ FOwt = a), dar s [t = ]

We first prove (38). Applying the Lemma to the function y(x) defined by
y(x)=(x—a)(b—a)~? in [a, b] and by y(x)=(b—a)!’? in [b, »), we have,
by (34),

5
b—a ;f (x — a)?FNb — a)~'(x — a)?, x]dx.

If 0<u<1 and c=a+u(b—a), it follows that

b
& — a) gf (x — a)?F[\(b — a)~Y(x — a)?, x]dx

2 (c— a)’be[)\/.t(x — a), x|dx

and therefore

—
1\

ulc — a)be[)\y(x — a), x]dx.

We now define a sequence of numbers b, #=0, 1,2, - - - ) by p”(b,—a) =c—a
and apply the last inequality to the interval (b,, b,41). This yields
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byt1
12 ut(c— a)f Flur(x — a), x]dx, v=20,1,--
b

In view of

byt

wa[y)\(x — a), x]dx = Z lF[u)\(x — a), x|dx,

=0

this implies (38).
We now show that condition (37) is sufficient. If y(x) is the solution of (1)
described in Theorem IV, we have

b b b
(39) a= "2dx = y2F(y?, x)dx < y?F[a(x — a), z]dx,
y

the last step following from

y*(x) = (j; ’dx) (x — a)f y'%dzx.

If N(a) =0 we can, according to (18) and (22), make « arbitrarily small by
taking b large enough. We take b sufficiently large so that o <m where m is
the constant appearing in (37), and we observe that, by (2c), we then have

o(x) = wa[a(x — a), z]dx < (m“a)‘wa[m(x — a), x|dx
< (mla)x M.

Combining this with (39), we obtain

«s - f ' (x)de = — y(B)$(b) + 2 f ¥y b(x)d

b
< 2M(m'a)¢ f yy'x"dx,

and therefore

b b
at £ 4AM¥(m )% f x2y%dx f y'%dx

a

b
= 4aM?*(m'a)? f 2 2y2dx.

a

Since y(a) =0, it follows from a well-known inequality [3, p. 175] that
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b )
f yia~tdx < 4 f y'%dx = 4a,

and we arrive at the inequality
1 = 4M(m'a)..

Since e is a fixed positive number the assumption a—0 is thus seen to lead
to a contradiction. Hence A(e) >0, and Theorem VIII is proved.

It may be noted that in the case of an equation of the form (3) the con-
stants appearing in these estimates can be determined with greater precision.
If we set

4 = lim sup xf p(x)xmdx

n—w

and observe that, in this case A=n(n—1)"!, we obtain the estimates
el < nr(n+ 1) S 4AN = (n+ 1) — 1) < e2(n + 1)2

for n>1. If n=1, i.e., in the case of the equation y’+py*=0, the result is
1
S S4 st

9. As already pointed out, the condition (37) is not sufficient to produce
properly nonoscillatory solutions of (1). As the following theorem shows, the
slightly stronger condition (40) will guarantee the existence of solutions
which are properly nonoscillatory and, moreover, bounded.

TueorEM IX. If
(40) f xF(Bx, x)dx < «

for all positive B, equation (1) has bounded, properly nonoscillatory solutions.
For every positive a, there exists a solution of this type whose last zero occurs at
x=a.

Proof. We first note that, since (40) implies (37), we have A(a, b) >A(a) >0
for all 0<a<b< . We denote by y(x) the solution of (1) described in
Theorem IV, and we observe that, by the corollary to Theorem V, there
exists a constant 8=p(a, ¢) such that

b
(41) f y'dx £ B8

if @ and ¢, are kept fixed and a <co<c¢ <b. Since y’'(b) =0, it follows from (1)
that
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@) =30 + [ (& — OyF(y, )iz,
Since y(x) is increasing in (e, b), this implies
3B) < ¥ + 30) f oo, 2)d.
By (41), we have y*(x) <B(x—a) <Bx, and thus
y®) < 83 — a2+ 36) [ <oz, i

In view of (40), the integral on the right-hand side can be made smaller than
1/2 by taking ¢ large enough. For such values of ¢ we then have y(b)
=2BY%*(c—a)'% 1f we now keep c¢ fixed and let b grow, we find that there
exists a constant m such that, for xE(a, b), y(x) <yd)=m. If c<b,<b, all
these functions are thus uniformly bounded in (a, by) and their limit (or
limits) for b— «—whose existence and continuity is elementary since all
functions y(x) are solutions of (1)—is a bounded function and likewise a
solution of (1). Since y(x) is concave and increasing in (a, b), we have

b b
f y'idx < y’(a)f y'dx = y'(a)y(d) < my'(a).

Since N(a) was shown to be positive, [oy'?dx is bounded from below by a
positive number, and it follows that, for b— «, the values of y’(a) have a
positive lower bound. If y,(x) is one of the limit functions just mentioned,
we have thus shown that y¢ (¢) >0 and that, therefore, y,(x) is not identically
zero. Since yo(x), as the limit of non-negative functions, cannot take negative
values in (@, ), this completes the proof of Theorem IX.

It may be noted that Theorem IX is sharp in the sense that (40) cannot
be replaced by

f 2178F (Bx, x)dx <

where 8 is an arbitrarily small positive number. This condition is satisfied by
equation (5) which was shown to have no properly nonoscillatory solutions.

A necessary condition for the existence of properly nonoscillatory solutions
can be obtained by combining Theorems VII and VIII, although there re-
mains the difficulty of ascertaining whether or not a given equation (1) has
the uniqueness property required in Theorem VII. As the following result
shows, this difficulty can be avoided if additional information is available
regarding the growth of the solution in question.
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THEOREM X. If (1) has a properly nonoscillatory solution u(x) for which
(42) ¥ 2(x) > ¢c>0

for large x, then
xf F(mx, x)dx < M, x>0,

for suitable positive constants m and M.

In view of Theorem VIII, Theorem X will be proved if it is shown that
condition (42) guarantees that A(a) >0 for some a. If it were true that A(a)
=0, it would follow that the functions y(x) of Theorem IV tend to the solu-
tion y(x)=0 for b—» and that, therefore, 0 <y’(a) <#'(a) for sufficiently
large b. It is easy to show that, in this case, the curves {=y(x) and { =u(x)
must intersect in (@, b). Indeed, if there were no intersection we would
have y(x) <u(x) in (a, b) and thus, by (1),

w'(0)y(8) = w'(8)y(8) — u(b)y'(b)

fbuy[F(y27 x) - F(u2, x)]dx < 0’

which is absurd. In view of y(x) <4'(a)(x—a), these points of intersection,
say x =x, must tend to infinity as b— «. But, for sufficiently large x,

5
(43) 0 < c*xo S u*(x0) = ¥*(%0) = (%0 — a) f y'idx

and, in view of (22), this implies a contradiction to the assumption A(a) =0.
The following result, established by a similar argument, shows that any
equation (1) which has properly nonoscillatory solutions must also have

properly nonoscillatory solutions for which lim inf x~'/2u(x) for x— o is
bounded.

TueoreM XI. If equation (1) has a properly nonoscillatory solution whose
last zero occurs at x =a, then it must also have a solution u(x) of the same type
for which

(44) liminf s~ %u(x) < M < «,

T—» 0

If y(x) has the same meaning as in the proof of Theorem X, there are two
possibilities: the curves { =y(x) may intersect the curve { =u(x) in (a, b) for
all sufficiently large b, or else there exists a sequence b, with b,— « such that
the corresponding curves { =¥(x) do not intersect { = #(x). In the second case
it follows from the preceding argument that u(x) <y(x) in (e, b). Hence
u?(x) Sy*(x) < (x—a) [yy'%dx, and an application of the corollary to Theorem
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V (formula (31)) establishes (44). In the first case there are again two pos-
sibilities, according as the points of intersection do or do not tend to infinity
as b— . If they do, we use the same argument as in the proof of Theorem X,
and (44) follows by letting xp— in (43). Finally, if x, tends to a finite
value x, as b— =, we observe that, because of the concavity of the curve
¢ =y(x), we have y'(a) Zy(x0)(xo—a) = u(x0) (xo—a). Hence, ¥’'(a) has a posi-
tive lower bound as b—« and there exists a subsequence of functions y(x)
which approaches a nontrivial solution v(x) of (1). For elementary reasons
y(x) converges uniformly to v(x) in any finite interval. Since y?(x) < M(x—a)
in (a, b), we have v%*(x) £ M(x—a) in (g, ), and the proof is complete.

Theorem XI can be used to obtain additional information concerning the
character of the properly nonoscillatory solutions of an equation (1) for which
(11) holds. It was shown in the proof of Theorem II that, for any ¢>0, an
equation of this type has properly nonoscillatory solutions which vanish at
x=a and are positive and O(x) in (e, »). In view of Theorems II and XI, we
therefore have the following result.

An equation (1) which satisfies the hypotheses of Theorem 11 has, for every
positive a, a properly nonoscillatory and bounded solution whose last zero is at
x=a.
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